The Bilinski Dodecahedron and Assorted Parallelohedra, Zonohedra, Monohedra, Isozonohedra, and Otherhedra BRANKO GRÜNBAUM F F ifty years ago Stanko Bilinski showed that Fedorov's enumeration of convex polyhedra having congruent rhombi as faces is incomplete, although it had been accepted as valid for the previous 75 years. The dodecahedron he discovered will be used here to document errors by several mathematical luminaries. It also prompted an examination of the largely unexplored topic of analogous nonconvex polyhedra, which led to unexpected connections and problems.
Background
In 1885 Evgraf Stepanovich Fedorov published the results of several years of research under the title ''Introduction to the Study of Figures'' [9] , in which he defined and studied a variety of concepts that are relevant to our story. This book-long work is considered by many to be one of the milestones of mathematical crystallography. For a long time this was, essentially, inaccessible and unknown to Western researchers except for a summary [10] Several mathematically interesting concepts were introduced in [9] . We shall formulate them in terms that are customarily used today, even though Fedorov's original definitions were not exactly the same. First, a parallelohedron is a polyhedron in 3-space that admits a tiling of the space by translated copies of itself. Obvious examples of parallelohedra are the cube and the Archimedean six-sided prism. The analogous 2-dimensional objects are called parallelogons; it is not hard to show that the only polygons that are parallelogons are the centrally symmetric quadrangles and hexagons. It is clear that any prism with a parallelogonal basis is a parallelohedron, but we shall encounter many parallelohedra that are more complicated. It is clear that any nonsingular affine image of a parallelohedron is itself a parallelohedron.
Another new concept in [9] is that of zonohedra. A zonohedron is a polyhedron such that all its faces are centrally symmetric; there are several equivalent definitions. All Archimedean prisms over even-sided bases are zonohedra, but again there are more interesting examples. A basic result about zonohedra is:
Each convex zonohedron has a center. There are precisely four distinct types of monohedral convex zonohedra: the rhombic triacontahedron T, the rhombic icosahedron F, the rhombic dodecahedron K, and the infinite family of rhombohedra (rhombic hexahedra) H. ''Type'' here is to be understood as indicating classes of polyhedra equivalent under similarities. The family of rhombohedra contains all polyhedra obtained from the cube by dilatation in any positive ratio in the direction of a body-diagonal.
These polyhedra are illustrated in Figure 1 ; they are sometimes called isozonohedra. The polyhedra T and K go back at least to Kepler [23] , whereas F was first described by Fedorov [9]. I do not know when the family H was first found -it probably was known in antiquity.
An additional important result from Fedorov [9] is the following; notice the change to ''combinatorial type'' from the ''affine type'' that is inherent in the definition.
Every convex parallelohedron is a zonohedron of one of the five combinatorial types shown in Figure 2 . Conversely, every convex zonohedron of one of the five combinatorial types in Figure 2 is a parallelohedron. . Neither side pointed out that the misunderstanding arises from inadequately explained terminology; from a perspective of well over a century later, it seems that both Fedorov and Hess were very thin-skinned, inflexible, and stubborn. 4 In different publications Fedorov uses different notions of ''type. '' In several (e.g., [10, 12] ) he has only four ''types'' of parallelohedra, since the rhombic dodecahedron and the elongated dodecahedron ((c) and (b) in Figure 2 ) are of the same type in these classifications. Since we are interested in combinatorial types, we accept Fedorov's original enumeration illustrated in Figure 2 .
